Fidelity plays an important role in quantum information theory. In this paper, two pairs of metrics of quantum states are introduced based on the Uhlmann-Jozsa fidelity and super-fidelity. They are proved to satisfy the axioms of metrics and return to the Sine metric and Bures metric for the qubit case. The CP expansive property and convex property of the metrics are studied. These metrics have deep connections with the known important metrics such as trace metric, Sine metric, Bures metric, and spectral metric, and are useful to quantify entanglement.
I. Background, problem, and result
Suppose one has two quantum states ρ and σ, then the Uhlmann-Jozsa fidelity [1] between ρ and σ is given by
Uhlmann-Jozsa fidelity plays an important role in quantum information theory and quantum computation [1] , [2] .
We know that for the case of qubit, Uhlmann-Jozsa fidelity has a simple form. From the Bloch sphere representation of quantum states, a qubit is described by a density matrix as( [3] ):
where I is the 2 × 2 unit matrix and σ = (σ 1 , σ 2 , σ 3 ) are the Pauli matrices. Assume ρ(u) and ρ(v) are two states of one qubit, then they can represented by two vectors u and v in the Bloch sphere. The Uhlmann-Jozsa fidelity for qubits has an elegant form( [4] and [5] ):
where u · v is the inner product of two vectors u and v, and |u| is the magnitude of u.
We know that for N × N quantum states, the UhlmannJozsa fidelity has no simple form like the case of qubits.
To use the simple form of fidelity, we note that in [6] , the authors introduce a new fidelity, called super-fidelity, and proved that Uhlmann-Jozsa fidelity can be bounded above by the super-fidelity G(ρ 1 , ρ 2 ): When ρ 1 and ρ 2 are two qubits, super-fidelity G(ρ 1 , ρ 2 ) coincides with Uhlmann-Jozsa fidelity F (ρ 1 , ρ 2 ).
The super-fidelity G(ρ 1 , ρ 2 ) has some good properties. Let 
. This shows that super-fidelity only depends on the magnitudes of u, v and the angle between them(that is, u.v).
Fidelity by itself is not a metric. It is a measure of the "closeness" of two states. As a metric defined on quantum states, d(x, y) is a function satisfies the following four axioms: One may expect that a metric, which is a measure of distance, can be built up from fidelity. Indeed, the following three functions
exhibit such metric properties. They are now commonly known in the literature as the Bures angle, the Bures metric, and the Sine metric ( [7] , [8] , [9] ), respectively.
For super-fidelity, one can define the metric as ( [6] , [10] ):
. It was proved in [6] and [10] that D M (ρ 1 , ρ 2 ) is a genuine distance.
So we know that based on fidelity or super-fidelity, one can generally define a metric
, where φ(t) is a monotonically decreasing function of t, and D(ρ, σ) is required to satisfy the axioms M1-M4. From this way, one can define many useful metrics. All of the above metrics belong to this type and play important roles in quantum information theory.
The purpose of this paper is to introduce a new way to define metric of quantum states based on fidelity. In Sec. II, the new metric is defined. We study the qubit case in detail and naturally connect the new metric with the well-known trace metric, the Sine metric and Bures metric. In Sec. III, we show that the new metric defined is truly a metric, i.e., it satisfies the axioms M1-M4. The upper bound for the metric is also presented. In Sec.IV, we discussed the properties of the metrics, such as CP expansive property and convex property. Conclusions are made in the last section.
II. Metric induced by Uhlmann-Jozsa fidelity
Let us define a metric of quantum states as follows:
where the maximization is taken over all quantum states τ (mixed or pure). We call this metric D T (ρ, σ) as the Tmetric, and denote the state τ that attained the maximal as the optimal state for the metric D T (ρ, σ). Note that the T-metric was first introduced in [11] for pure sates of an abstract transition probability space, here T means transition probability. In this paper, we define it for arbitrary quantum states in the Hilbert space.
The above definition of metric is interesting: we know that fidelity is a measure of the "closeness" of two states, usually, if we want to get a distance for state ρ, σ from fidelity, we use a composition of a monotonically decreasing function and the fidelity F (ρ, σ), e.g.,define metric as C(ρ, σ) := 1 − F (ρ, σ), this definition uses the fidelity of ρ and σ directly. Our definition, however, does not use the fidelity F (ρ, σ) directly, we need a bridge state τ , and the metric D T (ρ, σ) is the biggest difference between the two fidelity F (ρ, τ ) and F (σ, τ ), this definition may has some clear geometrical meaning, and we leave as a further topic.
On the other hand, our metric may be not easy to calculate. But we know when τ is a pure state, the Uhlmann-Jozsa fidelity can be simplified as F (ρ, τ ) = Tr(ρτ ), hence one can define another version of metric as follows:
where the maximization is taken over all pure states τ . We call this metric as the PT-metric, and call the pure state τ that attained the maximal as the optimal pure state.
Also, we can define metric from super-fidelity. Define a metric as follows:
where the maximization is taken over all quantum states τ . We call this metric as the G-metric. And call the state τ that attained the maximal as the optimal state. Similarly, we can define a metric as follows:
where the maximization is taken over all pure states τ . We call the metric D P G (ρ, σ) as PG-metric. And call the state τ that attained the maximal as the optimal pure state.
In this section, we consider the case of qubits (twodimensional quantum system). Then we have the following Theorems.
Proof. Let ρ = ρ(u), σ = ρ(v) and τ = ρ(w), since τ is a pure state, which means |w| = 1, then we get
The optimal pure state is τ = ρ(w), where w is a vector that parallels to u−v.
Proof. Let ρ = ρ(u), σ = ρ(v) and τ = ρ(w), then one obtains
The optimal state is τ = ρ(w), where w is a vector that parallels to u − v, and |w| = |u−v|
. Thus we
This significant result seems surprising, since we know that 1 − F (ρ, σ) is the Sine metric introduced in ( [7] , [8] , [9] ), which plays an important role in quantum information processing ( [7] , [8] , [9] ), but here we can recover it for the qubit case through the definition (1). One may wonder whether the Bures metric can be obtained by the similar definition. The answer is positive. By using the same approach developed in Theorem 2, for the qubit case one can prove that Bures metric B(ρ, σ) := 2 − 2 F (ρ, σ) can be expressed in the following equivalent form
where the maximization is taken over all quantum states τ .
Since for qubits, Uhlmann-Jozsa fidelity coincides with super-fidelity. We get that for qubits, metric D P G (ρ, σ) equal the trace metric and metric D G (ρ, σ) equal the sine metric.
III. Metric character of D T and D P T
We come to discuss the case of qunit(N × N density matrix). In this case, if τ is a pure state, then the Uhlmann-Jozsa fidelity may have a simple form: F (ρ, τ ) = Tr(ρτ ), so we first show the metric character of D P T (ρ, σ), where the optimal state τ is restricted to pure state, and then turn to show the metric character of D T (ρ, σ).
We need the following concepts: For two quantum state ρ and σ, let λ i , (i = 1, 2, 3, ..., d), be all eigenvalues of ρ − σ, and λ i 's are arranged as
i be all eigenvalues of σ − ρ. Define E(ρ, σ) := max λ i and define E(σ, ρ) := max λ ′ i , so we know that λ 1 = max λ i . Now we give an interpretation of E(ρ, σ). Proposition 1. Let ρ and σ be two quantum states. The following hold:
where the maximization is taken over all pure states P .
, where D is a diagonal matrix, and satisfy U (ρ − σ)U + = D [since P is an arbitrary pure state, in the following we still denote Tr(DP ′ ) as Tr(DP )]. Suppose P = |ψ ψ|, then we get Tr[(ρ−σ)P ] = Tr(DP ) = ψ|D|ψ , assume |ψ = α i |i , then we get Tr
This ends the proof.
Note that generally E(ρ, σ) is not a metric, since E(ρ, σ) may not equal to E(σ, ρ), but we can symmetrize it as:
where |λ i | is the absolute value of λ i . From the knowledge of matrix analysis, D S (ρ, σ) equals to the spectral metric between ρ and σ, which was defined as the largest singular value of ρ − σ, hence we know that D S (ρ, σ) is nothing but the spectral metric. For the qubit case, the D S (ρ, σ) or the spectral metric is also equal to the trace metric, i.e., D S (ρ(u), ρ(v)) = 1 2 |u − v|. Now we show the metric character of D P T (ρ, σ).
Proposition 2. For states ρ, σ, we have D P T (ρ, σ) = D S (ρ, σ), i.e, the PT-metric we studied is in fact the same as the spectral metric.
Now we know that the PT-metric equals to the spectral metric, so it is a true metric. In the following we shall prove that the T-metric is also a true metric. 
and suppose τ is the state that attains the maximal, so
It is easy to prove that the PG-metric equal to the PTmetric, so we know that the PG-metric is nothing but the spectral metric, so it is a true metric, and we can prove that the G-metric is also a true metric, i.e, it satisfies conditions M1-M4. The method is the same as that of Proposition 3.
IV. Super-fidelity and related Metrics
We have proved that T-metric is a true metric, but this definition is not operational, because it uses taking maximal for all states, so we need an operational form of the metric. We know that for qubits, it has a clear form as:
For the qunit case, one does not have the relation
However, the numerical computation indicates the following upper bound holds:
Now we will give the rigorous proof: as was shown in [7] , such an inequality holds:
for arbitrary quantum states ρ, σ, τ . Taking maximal in the left hand of inequality (9), we get the inequality (8).
How about G-metric?
Like the proof of lemma 1, we can expect the following holds: For qunits ρ(u) and
The "proof " is the following: Let ρ = ρ(u), σ = ρ(v) and τ = ρ(w), then one obtains
The optimal state is τ = ρ(w), where w is a vector that parallels to u − v, and |w| =
.
The above "proof" seems to be correct, but is is not solid. In fact, we know that
range from 0 to 1, since G(ρ, τ ) and G(σ, τ ) are all range from 0 to 1, but
, which is a contraction.
The reason is subtle. When the maximal attained, i.e.,
, we need that the inequality (10) becomes quality, that means the optimal state τ = ρ(w) is attained, where w is a vector that parallels to u − v, and |w| =
, but in fact we can not always get such optimal state. Because such an operator may not be a density operator! It is well known that every N × N density matrix can be represented by the (N 2 − 1)-dimensional Bloch vector as: To get that inequality (10) becomes equality, we need that the optimal state τ = ρ(w) is a density matrix, where w is a vector that parallels to u − v, and |w| =
, but this is not always true in general. So we can only get the following relation holds:
The following counterexample will show that strictly inequality will occur.
2 |11 . Define ρ = |ψ ψ|, σ = |φ φ|, then we know that ρ, σ are all pure states, it is easy to prove that in this case
2 . For the operational form of D G (ρ, σ) for general N × N states, we leave as a further topic.
Suppose d(ρ, σ) is a distance on quantum states, we wish that this distance has some useful properties, such as the following:
A stronger version of P2 is the following:
In quantum information theory, a quantum operation or a quantum channel is representated by a completely positive trace preserving (CPT) map. We wish that a metric function is contractive under CPT map, this lead the following: (P3.) CP non-expansive property: suppose φ is a completely positive trace preserving (CPT) map, ρ, σ are two density matrices, then the following inequality holds:
We know that the super-fidelity G(ρ, σ) is a good fidelity measure. Recently, we find the deep connection between super-fidelity and concurrence( [12] ). Also, super-fidelity has the following appealing properties( [6] ):
, for any unitary operator U . iv') Concavity: super-fidelity is concave, that is for states ρ 1 , σ 1 , σ 2 and λ ∈ [0, 1].
v') Properties of the tensor product: Super-fidelity is super-multiplicative, that is, for states
We know that the Uhlmann-Jozsa fidelity F (ρ, σ) has the CP expansive property, that is the following: If ρ and σ are density matrices, Φ is a CPT map, then
We may guess that if super-fidelity has the CP expansive property, the following counterexample shows that this property does not holds. One then easily obtains G(ρ, σ) > G(Φ(ρ), Φ(σ)), which shows that the CP expansive property property does not hold for super-fidelity. It is interesting to note that this example was first appear in [13] to show that the HilbertSchmidt metric is not contractive under quantum operation.
Based on super-fidelity, one can define the metric as ( [6] , [10] 
it was proved in [6] and [10] that D M (ρ 1 , ρ 2 ) is a genuine distance. The example 1 shows that D M (ρ 1 , ρ 2 ) does not satisfying the CP non-expansive property.
However, based on super-fidelity, we can also define another two metrics, the G-metric and PG-metric. Do the two metrics have the CP non-expansive property?
Let us first consider the PG-metric. We know that PGmetric is in fact the spectral metric, and it was proved in [14] that the spectral metric is contractive under quantum operation. Now we will give a simple proof for this. Now suppose γ is the optimal pure state for quantum states φ(ρ), φ(σ), so we get
Theorem is proved.
Proposition 5. (joint convexity of the PG-metric): Let {p i } be probability distributions over an index set, let ρ i and σ i be density operators with the indices from the same index set. Then ρ) ), so we only need to prove the following holds:
, where the maximization in the right hand is taken over all pure states γ, then there exists a pure state γ such that
The proof is complete.
Let us see how about the G-metric? Using example 2, we get
). So we get that the CP non-expansive property Fails for the
The numerical method show that the T-metric 
V. Conclusions
In this paper, we give a new method to get metrics from fidelity. This method is remarkable different from the usual method. We first define new metric D T from UhlmannJozsa fidelity and metric D G from the super-fidelity. For qubits case, the two metrics coincides with Sine metric. Then properties of both metrics are discussed. We find that they are all contractive under quantum operations, and their square are convex, these show that the two metrics are all good candidates for geometrical entanglement measure. Now we give an application for the metrics D T and D G .
Note that there are many entanglement measures, one of them is the geometrical measure. Its idea is based on the following: The set of all separable states is a convex set, denoted as S, the geometrical entanglement measure is defined as the minimal distance of the state ρ to any state of S: E(ρ) = min σ∈S D(ρ, σ).
It was showed that for the entanglement measure defined as above to be a good entanglement measure, the distance D(ρ, σ) need verify the following properties [16] : Where D T (ρ, σ)(res.D G (ρ, σ)) is the T-metric (res.Gmetric), and the infimum is taken over all separable states.
